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A remark about the spectral radius
Andreas Thom
Abstract. We show that for any finitely generated non-amenable group and any ε > 0, there
exists some finite symmetric generating set with spectral radius less than ε. We give applications
to percolation theory and the theory of operator spaces.
1. The spectral radius
Let Γ be a finitely generated group and let S ⊂ Γ be a finite symmetric generating set. Here, a set
is called symmetric if S−1 = S, i.e. g ∈ S implies g−1 ∈ S. Consider the Hilbert space ℓ2Γ with
orthonormal basis {δg | g ∈ Γ} and the left-regular representation λ : Γ→ U(ℓ
2Γ), which is defined
by the formula λ(g)δh := δgh. We will also use λ to denote the linear extension λ : C[Γ]→ B(ℓ
2Γ).
Here C[Γ] denotes the complex group ring and λ is a ∗-homomorphism with respect to the natural
involution on C[Γ]. There is a natural trace τ : C[Γ]→ C, defined by τ(
∑
g agg) = ae.
For each a =
∑
g agg ∈ C[Γ], we denote by ‖a‖ the operator norm of the operator λ(a) ∈ B(ℓ
2Γ).
We also set supp(a) := {g ∈ Γ | ag 6= 0}, size(a) := |supp(a)| and ‖a‖1 :=
∑
g |ag|. It is a basic
property of the operator norm that ‖ak‖ = ‖a‖k whenever a is a hermitean element, i.e. a∗ = a.
For a, b ∈ R[Γ], we write a ≤Γ b if ag ≤ bg for all g ∈ Γ. If 0 ≤Γ b ≤Γ a and a, b ∈ R[Γ] are
hermitean, then ‖b‖ ≤ ‖a‖. Indeed, this follows from the spectral radius formula
(1) ‖b‖ = lim
n→∞
τ(b2n)1/2n ≤ lim
n→∞
τ(a2n)1/2n = ‖a‖.
Clearly, if 0 ≤Γ a, then ‖a
k‖1 = ‖a‖
k
1. For any symmetric subset S ⊂ Γ, we define the Markov
operator m(S) := 1|S|
∑
s∈S s. Kesten [5] showed that the group Γ is non-amenable if and only
‖m(S)‖ < 1 for some (and hence any) finite symmetric generating set of Γ. We will also use the
notation ρ(S) := ‖m(S)‖ and call it the spectral radius of the random walk associated with S.
The spectral radius formula
ρ(S) = lim
n→∞
τ(m(S)2n)1/2n
gives the explanation for this terminology, since the right side of this equation is the exponential
growth rate of the return probability of a random walk in the Cayley graph of Γ with respect to
the generating set S after 2n steps, starting at the neutral element, see [11] for definitions and
references.
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Kesten’s result gives a powerful criterion for amenability as well as non-amenability and has been
used in many circumstances. It has been asked over the years if for any finitely generated non-
amenable group and any ε > 0 a finite symmetric generating set S can be found such that ‖m(S)‖ ≤
ε. (To trace back the precise history of this question is very difficult since it is so natural. For
example, it has been asked by Gilles Pisier in his study of versions of the von Neumann problem,
see Section 3.3.) Even though desirable to study and natural to ask, this question has remained
unanswered. Anyhow, the pressure to answer this question has been low, since in essentially all
proofs and applications replacing m(S) by m(S)k (and thus obtaining operator norm ‖m(S)k‖ =
‖m(S)‖k) has proved to be sufficient for the purposes of the argument. In more combinatorial
situations this amounts to a replacement of S by the multi-set S[k] of all words of length k in
letters from S. In this note, we will show that the original question has a positive answer. Partial
results about the same problem have been obtained by Juschenko-Nagnibeda [4].
For any subset S ⊂ Γ, we denote by Sk the set of all products of k factors from the set S.
2. The main result
Our main result is:
Theorem 1. Let Γ be a finitely generated non-amenable group and Σ be a finite symmetric gen-
erating set. For every k ∈ N there exists a symmetric set Sk ⊂ Σ
k such that
ρ(Sk) ≤ 4k · ln(|Σ|) · ρ(Σ)
k.
Moreover, for every ε > 0, there exists a finite symmetric generating set S ⊂ Γ such that ρ(S) < ε.
We need the following lemma to proceed.
Lemma 2. Let f : [0, 1]→ [0, 1] be non-zero monotone decreasing function such that
∫ 1
0 f(y) dy ≤
1
3 .
Then, there exists some x0 ∈ [0, 1], such that
x0f(x0) ≥
∫ 1
0 f(x) dx
−4 · ln
(∫ 1
0 f(x) dx
) .
Proof. We set I :=
∫ 1
0
f(y) dy > 0. First of all, we define α := 1−4 ln(I) > 0 and note that
I ≤ 13 implies α ≤
1
4 ln(3) ≤
1
4 . Assume that we have xf(x) < αI for all x ∈ [0, 1]. Then, since f is
decreasing and f(0) ≤ 1, we have
f(x) ≤ min
{
1,
αI
x
}
, ∀x ∈ [0, 1]
and thus, we can estimate the integral as follows:
(2) I ≤ αI + αI ·
∫ 1
αI
1
x
dx = αI − αI · ln(αI).
Using α ≤ 14 , we get
3
4α
≤
1− α
α
(2)
≤ − ln(αI).
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Since − ln(α) < 12α for all α ∈ (0,∞), the inequality above implies
(3)
1
4α
< − ln(I),
in contradiction with our choice of α. This proves the claim. 
Remark 3. The inequality in Lemma 2 cannot be improved to x0f(x0) ≥ α
∫ 1
0 f(y) dy for a fixed
α > 0 independent of f . This follows from a computation with the functions fn(x) = min{1,
1
nx}
for n ∈ N.
We say that b ∈ R[Γ] is a one-step function if the set {bg | g ∈ Γ, bg 6= 0} is a singleton, i.e. b is a
multiple of a characteristic function. The main idea in the proof of Theorem 1 is to find a large
one-step function with non-negative coefficients which is coefficient-wise smaller than a suitable
power of the Markov operator.
Corollary 4. Let Γ be a group and let a ∈ R[Γ] be a hermitean element with non-negative
coefficients and size(a) ≥ 3. Then, there exists a hermitean one-step function b ∈ R[Γ] such that
0 ≤Γ b ≤Γ a and
‖b‖1 ≥
1
4
·
‖a‖1
ln(size(a))
.
Proof. We write a =
∑
g agg with ag ∈ [0,∞). All coefficients of a are bounded from above
by ‖a‖1. Choose an enumeration n 7→ gn of the set supp(a) such that n 7→ agn is monotone
decreasing and set f(x) := agn‖a‖
−1
1 if size(a) · x lies in the interval [n− 1, n). Thus, we have got
a monotone decreasing function f : [0, 1]→ [0, 1] and
∫ 1
0
f(y) dy =
1
size(a)
≤
1
3
.
By Lemma 2, there exists x0 ∈ [0, 1] such that
x0f(x0) ≥
∫ 1
0 f(x) dx
−4 · ln
(∫ 1
0
f(x) dx
) .
Now, the function
g(x) :=


f(x0) x ∈ [0, x0]
0 x ∈ (x0, 1]
satisfies 0 ≤ g(x) ≤ f(x) for all x ∈ [0, 1] and
∫ 1
0
g(y) dy = x0f(x0). Thus, by renormalization we
find a one-step function b ∈ R[Γ] with 0 ≤Γ b ≤Γ a and
‖b‖1 ≥
‖a‖1
4 · ln(size(a))
.
Since the level-sets of a are symmetric subsets of Γ, we may choose b hermitean. This finishes the
proof. 
We are now ready to prove our main result.
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Proof of Theorem 1: Consider the Markov operatorm(Σ) ∈ R[Γ]. Since Γ is not amenable,
we have size(m(Σ)) = |Σ| ≥ 3. Let bk ∈ R[Γ] be the non-negative hermitean one-step function,
whose existence is predicted by Corollary 4 applied to m(Σ)k ∈ R[Γ]. We set Sk := supp(bk) ⊂ Σ
k.
Then
ρ(Sk) =
‖bk‖
‖bk‖1
≤
4 · ln(|Σk|)
‖m(Σ)k‖1
· ‖bk‖
(1)
≤ 4 · ln(|Σk|) · ‖m(Σ)k‖ ≤ 4k · ln(|Σ|) · ρ(Σ)k.
This proves the first claim.
It remains to show that we also find finite symmetric generating sets, whose associated spectral
radius is as small as we want. Take S′n := Sn ∪ Σ, then
ρ(S′n) ≤
|Sn|
|Sn ∪ Σ|
· ρ(Sn) +
|Σ \ Sn|
|Sn ∪ Σ|
· ρ(Σ)
by the triangle inequality. For all finite symmetric subsets ρ(S) ≥ |S|−1/2 by comparison with a
regular tree, so that |Sn|
−1 ≤ ρ(Sn)
2 for all n ∈ N. We get
ρ(S′n) ≤ ρ(Sn) + |Σ| · ρ(Σ) · ρ(Sn)
2 = O(kρ(Σ)k).
This finishes the proof. 
Remark 5. If Γ contains a free subgroup, then the first part of the proof of Theorem 1 is trivial. In-
deed, any free group contains free groups of arbitrary rank. Moreover, if Sn = {a1, a
−1
1 , . . . , an, a
−1
n },
where a1, . . . , an are the basis for a free group, then it is well-known that ρ(Sn) = O(n
−1/2).
3. Some applications
3.1. Quantitative statements. As a consequence of Theorem 1, we can prove the following
characterization of amenability.
Corollary 6. Let Γ be a group. Suppose that for all ε > 0, there exists n(ε) ∈ N such that for
all finite symmetric subset S ⊂ Γ with |S| ≥ n(ε), we have ρ(S) ≥ |S|−ε. Then, Γ is amenable.
Equivalently, for any non-amenable group, there exists some ε > 0, such that there exist arbitrarily
large finite symmetric subsets S with ρ(S) < |S|−ε.
Proof. Without loss of generality, we may assume that Γ is finitely generated. We prove the
second version. Indeed, suppose that Σ is a finite symmetric generating set and Γ is non-amenable.
Then ρ(Σ) < 1 and we set ε := − ln ρ(Σ)2 ln |Σ| > 0. Let Sk be a sequence of finite subsets as in the
statement of Theorem 1. Then, we get with n := |Σ|k:
ρ(Sk) ≤ 4 ln(n) · ρ(Σ)
k = 4 ln(n) · n
ln(ρ(Σ))
ln(|Σ|) =
4 ln(n)
n2ε
< n−ε ≤ |Sk|
−ε,
where the second inequality holds if n (and hence k) is large enough. This proves the claim. 
As a direct consequence we get:
Corollary 7. Let f : N→ [0,∞) be a monotone increasing function with f(n) = o(ln(n)). Let Γ
be a group. If ρ(S) ≥ exp(−f(|S|)) for all finite symmetric subsets S ⊂ Γ, then Γ is amenable. In
particular, if ρ(S) ≥ 1ln(|S|) for all finite symmetric subsets S ⊂ Γ, then Γ is amenable.
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Proof. Indeed, if f(n) = o(ln(n)), then exp(−f(n)) ≥ n−ε eventually for all ε > 0. Hence,
the result follows from Corollary 6. The second claim follows taking f(n) = ln(ln(n)). 
3.2. Percolation theory. We can improve on [7, Theorem 1] and can get around the implicit
use of multi-sets in the statement of the theorem. This settles a particular case of a conjecture by
Benjamini-Schramm, see [1,6] for definitions and background on percolation theory.
Corollary 8. Let Γ be a finitely generated non-amenable group. Then there exists a finite sym-
metric set of generators S in Γ such that pc(Γ, S) < pu(Γ, S).
Proof. Having Theorem 1 at hand, the proof proceeds as in [7]. 
In a similar direction we obtain:
Corollary 9. Let Γ be a finitely generated non-amenable group. Then the expected degree of
FMSF(Γ, S) is unbounded when S varies among finite symmetric generating sets. In particular,
the expected degree of FMSF(Γ, S) depends on S and there exists a finite symmetric generating set
S such that WMSF(Γ, S) 6= FMSF(Γ, S).
Proof. This is a consequence of Theorem 1 and [10, Corollary 2]. 
3.3. Operator spaces. For background on operator spaces consult Pisier’s book [8]. Let Fn
be the free group on generators g1, . . . , gn and C
∗
red(Fn) denote its reduced group C
∗-algebra. We
denote by En the operator space spanned by λ(g1), . . . , λ(gn) ∈ C
∗
red(Fn). For any operator space
F , we set
γF (En) := inf ‖u‖cb‖v‖cb,
where the infimum is taken over all factorizations En
u
→ F
v
→ En of the identity idn : En → En.
Let Γ be a countable group and let L(Γ) be its group von Neumann algebra. Haagerup-Pisier [3]
proved that if Γ is amenable group, then γL(Γ)(En) ≥
n1/2
2 for all n ∈ N. Pisier [9] raised the
question if there is a converse to this result and in this context he also asked if Theorem 1 could
be proved.
Theorem 10. Let Γ be a countable non-amenable group. There exists δ > 0, such that
lim inf
n→∞
γL(Γ)(En)
n1/2−δ
= 0.
Proof. Without loss of generality, we may assume that Γ is finitely generated. The following
reduction to Theorem 1 is due to Pisier [9]. Let S = {t1, . . . , tn} ⊂ Γ with |S| = n. We define
u : En → L(Γ) by λ(gi) 7→ λ(ti). We claim that ‖u‖cb ≤ ‖
∑n
i=1 ti‖
1/2
. Indeed,
∥∥∥∑λΓ(ti)⊗ ai
∥∥∥2
B(ℓ2Γ⊗H)
≤
∥∥∥∑λΓ(ti)⊗ λΓ(ti)
∥∥∥
B(ℓ2Γ⊗ℓ2Γ)
∥∥∥∑ a¯i ⊗ ai
∥∥∥
B(H¯⊗H)
=
∥∥∥∑ ti
∥∥∥ · ∥∥∥∑ a¯i ⊗ ai
∥∥∥
B(H¯⊗H)
≤
∥∥∥∑ ti
∥∥∥ ·max
{∥∥∥∑a∗i ai
∥∥∥
B(H)
,
∥∥∥∑ aia∗i
∥∥∥
B(H)
}
6 ANDREAS THOM
≤
∥∥∥∑ ti
∥∥∥ · ∥∥∥∑λFn(gi)⊗ ai
∥∥∥2
B(H⊗ℓ2F2)
,
where the first line is based on Haagerup’s variant of the Cauchy-Schwarz inequality [2, Lemma
2.4] (see for example [8, p. 123]), the second is obvious, the third is [8, Equation (2.11.4)], and the
fourth was proved in [3, Proposition 1.1]. This proves the claim.
We define v : L(Γ)→ En on a dense subspace by v(λΓ(ti)) = λFn(gi) for 1 ≤ i ≤ n and v(λΓ(t)) = 0
if t 6∈ {t1, . . . , tn}. It is easy to see that for any finitely supported function f : Γ→ B(H), we have∥∥∥∑ f(t)∗f(t)
∥∥∥
B(H)
≤
∥∥∥∑λΓ(t)⊗ f(t)
∥∥∥2
B(ℓ2Γ⊗H)
and similarly ∥∥∥∑ f(t)f(t)∗
∥∥∥
B(H)
≤
∥∥∥∑λΓ(t)⊗ f(t)
∥∥∥2
B(ℓ2Γ⊗H)
.
Thus,
∥∥∥∑λF2(gi)⊗ f(ti)
∥∥∥
B(ℓ2F2⊗H)
≤ 2 ·max
{∥∥∥∑ f(ti)∗f(ti)
∥∥∥1/2
B(H)
,
∥∥∥∑ f(ti)f(ti)∗
∥∥∥1/2
B(H)
}
≤ 2 ·
∥∥∥∑λΓ(t)⊗ f(t)
∥∥∥
B(ℓ2Γ⊗H)
,
where we have used [3, Proposition 1.1] in the first line. Hence, v is indeed well-defined on L(Γ)
and ‖v‖cb ≤ 2. We can conclude that γL(Γ)(En) ≤ 2 ‖
∑
ti‖
1/2
.
Now, there exists ε > 0 as in Corollary 6 and a sequence of finite symmetric subsets Sk ⊂ Γ, such
that ρ(Sk) ≤ |Sk|
−ε as k →∞. Then, we can set nk := |Sk|, δ < ε/2 and notice that
0 ≤ lim sup
k→∞
γL(Γ)(Enk)
n
1/2−δ
k
≤ lim
k→∞
2ρ(Sk)
1/2|Sk|
δ = 0.
This finishes the proof. 
There are various other questions (some of them outstanding) in this context – in particular con-
cerning characterizations of amenability – and we hope that Theorem 1 will have more applications.
3.4. A variation of the technical lemma. An immediate and potentially useful conse-
quence of Lemma 2 is the following result:
Corollary 11. Let (X,µ) be a probability measure space and f : X → [0, 1] be a non-zero mea-
surable function such that ‖f‖1 ≤
1
3 . Then, there exists λ ∈ [0, 1], such that
λ · µ({x ∈ X | f(x) ≤ λ}) ≥
‖f‖1
−4 · ln(‖f‖1)
.
Proof. Indeed, there exists a measure preserving surjection ϕ : ([0, 1], µLeb) → (X,µ) and a
measure preserving automorphism α of ([0, 1], µLeb) such that [0, 1] ∈ x 7→ f(ϕ(α(x))) is monotone
decreasing. This reduces the statement to the case studied in Lemma 2. 
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